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a b s t r a c t
In this paper, we investigate the convergence of cascade algorithm associated with the
masks with exponential decay. As an application of the characterization of convergence
of cascade algorithms in the space L2,∞(R), we can construct Riesz wavelet bases in L2(R)
with exponential decay.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Let aˆ be a 2pi-periodic function. The cascade operator Qaˆ is the linear operator on L2(R) given by
Qaˆφˆ := aˆ(ξ/2)φˆ(ξ/2), φ ∈ L2(R),
where the Fourier transform is defined to be fˆ (ξ) := ∫R f (x)e−ixξdx. The iteration scheme (Q naˆ φˆ)n=1,2,..., is called the cascade
algorithm associated with aˆ. If φ is a fixed point of Qaˆ, i.e., Qaˆφˆ = φˆ, then φ satisfies the refinement equation:
φˆ(2ξ) = aˆ(ξ)φˆ(ξ), a.e. ξ ∈ R,
where aˆ is called the refinementmask (or filter). Any function satisfying a refinement equation is called a refinable function.
In this paper, we mainly investigate the refinement equation with Hölder continuous masks aˆ such that
aˆ(ξ) := 2
−2β1(1+ e−iξ )2β1q(e−iξ )[| cos(ξ/2)|2β2 |q(e−iξ )|2 + | sin(ξ/2)|2β2 |q(−e−iξ )|2]β3 , (1.1)
where q(e−iξ ) is a real trigonometric polynomial andβ1, β2, β3 > 0. Themasks defined in (1.1) give awide variety of choices
of refinable functions and provide large flexibilities inwavelet and filter design.When q(e−iξ ) ≡ 1,β3 = 1 andβ1 = β2 ∈ N,
these filters are well known in signal processing as the transfer functions of the so-called ‘‘Butterworth filter’’ (see [1,2] for
a detailed review). The masks for various types of fractional splines in [3] correspond to the case aˆ with q(e−iξ ) ≡ 1 and
β2 = 1. If all β1, β2, β3 are integers, the masks in (1.1) have exponential decaying Fourier coefficients. To study Riesz bases
generated from compactly supported wavelets, the L2-convergence of cascade algorithm with masks having exponential
decay was investigated in [4–6]. The masks defined in (1.1) contain the infinite masks constructed in [4–6].
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2. Preliminaries
Let ψ ∈ L2(R). We say that a wavelet ψ generates a Riesz wavelet basis in L2(R) if
span{ψj,k := 2j/2ψ(2j · −k) : j, k ∈ Z}
is dense in L2(R) and there exists a positive constant C such that
C−1
∑
j,k∈Z
|cj,k|2 ≤
∥∥∥∥∥∑
j,k∈Z
cj,kψj,k
∥∥∥∥∥
2
L2(R)
≤ C
∑
j,k∈Z
|cj,k|2
hold true for all finitely supported sequences {cj,k}j,k∈Z. Riesz wavelet bases are generally obtained from a refinable function
via the multiresolution analysis. Let φ be a refinable function. A natural choice (see e.g. [7,4,5,8,9,6,2]) is
ψˆ(2ξ) := e−iξ aˆ(ξ + pi)φˆ(ξ), ξ ∈ R. (2.1)
Let T := R/[2piZ] and L2,∞(R) denote the subspace of all f ∈ L2(R) such that
‖f ‖L2,∞(R) :=
∥∥∥∥∥∑
k∈Z
|fˆ (· + 2pik)|2
∥∥∥∥∥
1/2
L∞(T)
<∞,
where ‖f ‖L∞(T) denotes the essential upper bound of the 2pi-periodic measurable function f . The space L2,∞(R) was first
introduced in [8]. It includes all compactly supported functions in L2(R) and most interesting functions in wavelet analysis.
For a quotient function f /g , we use the convention that (f /g)(ξ) is equal to f (ξ)/g(ξ) if g(ξ) 6= 0, 1 if f (ξ) = g(ξ) = 0,
or +∞ if g(ξ) = 0 but f (ξ) 6= 0. We say that a function f ∈ L2(R) is admissible with respect to aˆ if there exists a positive
number τ > 0 such that∑
k∈Z
|aˆ(·/2+ kpi)fˆ (·/2+ kpi)− fˆ (· + 2kpi)|2/| sin(·/2)|τ ∈ L∞(T).
To characterize Riesz wavelet bases, we need cascade algorithms associated with infinite masks. We say that the cascade
algorithm associated with an infinite mask aˆ converges in L2,∞(R) if for every admissible function f ∈ L2,∞(R)with respect
to aˆ, the sequence (Q naˆ fˆ )
∞
n=1 is a Cauchy sequence in L2,∞(R).
We say that f belongs to the Hölder class Cβ(T)with β > 0 if f is a 2pi-periodic continuous function such that f ∈ Cn(T)
and there exists a positive constantM satisfying
|f (n)(x)− f (n)(y)| ≤ M|x− y|β−n
for all x, y ∈ T, where n is the largest integer such that n ≤ β and f (n) denotes the nth derivative of f . We say that aˆ is a
Hölder continuous mask if aˆ ∈ Cβ(T) for some β > 0 and aˆ(0) = 1. For all 0 < τ ≤ 1, it was shown in [8, Proposition 4.2]
that | sin(·/2)|τ ∈ Cτ (T) and | cos(·/2)|τ ∈ Cτ (T). Consequently, all masks defined in (1.1) are Hölder continuous masks
when |q(e−iξ )| > 0.
For 2pi-periodic functions f , the transition operator Taˆ is defined to be
[Taˆf ](ξ) := |aˆ(ξ/2)|2f (ξ/2)+ |aˆ(ξ/2+ pi)|2f (ξ/2+ pi), ξ ∈ R.
For τ ∈ R, we define a quantity
ρτ (aˆ,∞) := lim sup
n→∞
‖T naˆ (| sin(·/2)|τ )‖1/nL∞(T).
Now we define the quantity ρ(aˆ) as follows:
ρ(aˆ) := inf{ρτ (aˆ,∞) : |aˆ(· + pi)|2/| sin(·/2)|τ ∈ L∞(T) and τ ≥ 0}.
The quantityρ(aˆ) introduced in [8,6] plays a critical role in our study of cascade algorithms andwaveletswith infinitemasks.
The following lemmas will be used in the proof of our main results.
Lemma 2.1 ([8, Lemma 4.3]). Let aˆ and cˆ be 2pi-periodic measurable functions such that |aˆ(ξ)| ≤ |cˆ(ξ)| for almost every ξ ∈ R.
Then ρ0(aˆ,∞) ≤ ρ0(cˆ,∞).
Lemma 2.2 ([8, Theorem 2.1]). Let aˆ be a Hölder continuous mask. If ρ(aˆ) < 1, then the cascade algorithm associated with the
mask aˆ converges in the space L2,∞(R).
Lemma 2.3 ([8, Theorem 3.1]). Let aˆ be a Hölder continuous mask with aˆ(0) = 1. Let φ be the refinable function corresponding
to the mask aˆ. Denote bˆ(ξ) := e−iξ aˆ(ξ + pi). Define the wavelet ψ by ψˆ(2ξ) := bˆ(ξ)φˆ(ξ). Then ψ generates a Riesz wavelet
basis in L2(R) if and only if
(i) bˆ(0) = 0 and d(ξ) := aˆ(ξ)bˆ(ξ + pi)− aˆ(ξ + pi)bˆ(ξ) 6= 0 for all ξ ∈ R.
(ii) ρ(aˆ) < 1 and ρ( ˆ˜a) < 1, where ˆ˜a(ξ) := bˆ(ξ + pi)/d(ξ).
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3. Main results
Theorem 3.1. Let aˆ be the mask defined in (1.1). Suppose that there exist constants L and U such that 0 < L ≤ |q(z)| ≤ U <∞
for all |z| = 1. If
C221−4β1 < 1, (3.1)
where C := U
L2β3
max(1, 2(β2−1)β3). Then the cascade algorithm associated with aˆ converges in the space L2,∞(R).
Proof. For the mask aˆ defined in (1.1), we denote
Bˆ(ξ) := |q(e
−iξ )|[| cos(ξ/2)|2β2 |q(e−iξ )|2 + | sin(ξ/2)|2β2 |q(−e−iξ )|2]β3 ,
then, we have
Bˆ(ξ) ≤ U
L2β3
[| cos(ξ/2)|2β2 + | sin(ξ/2)|2β2]β3 .
It follows from [8] that
min(1, 21−β2) ≤ | cos(ξ/2)|2β2 + | sin(ξ/2)|2β2 ≤ max(1, 21−β2).
For 0 < β2 ≤ 1, we have that
Bˆ(ξ) ≤ U
L2β3
.
This, together with Lemma 2.1, implies that
ρ(aˆ) ≤ ρ0(aˆ,∞) ≤ ρ0(2−2β1 Bˆ(ξ),∞) ≤ ρ0
(
2−2β1
U
L2β3
,∞
)
= 21−4β1 U
2
L4β3
< 1.
For β2 > 1, we have that
Bˆ(ξ) ≤ U
L2β3
2(β2−1)β3 .
This implies that
ρ(aˆ) ≤ ρ0(aˆ,∞) ≤ ρ0(2−2β1 Bˆ(ξ),∞) ≤ ρ0
(
2−2β1+(β2−1)β3
U
L2β3
,∞
)
= 21−4β1+2(β2−1)β3 U
2
L4β3
< 1.
Consequently, by Lemma 2.2, we conclude that the cascade algorithm associated with aˆ converges in the space L2,∞(R). 
Theorem 3.2. Let φ be the refinable function associated with mask aˆ defined in (1.1). Define a wavelet function ψ by (2.1).
Suppose that there exist constants L and U such that 0 < L ≤ |q(z)| ≤ U <∞ for all |z| = 1. If (3.1) holds and
C ′221−4β1 < 1,
where C ′ := U1+2β3
L2
max(1,2(1−β2)β3 )
min(1,21−2β1 ) . Then ψ generates a Riesz wavelet basis in L2(R).
Proof. We verify that the conditions (i) and (ii) in Lemma 2.3 are satisfied. Using the properties and definitions of aˆ and bˆ,
one can check that bˆ(0) = 0 and
d(ξ) = aˆ(ξ)bˆ(ξ + pi)− aˆ(ξ + pi)bˆ(ξ)
= e−i(ξ+pi) | cos(ξ/2)|
4β1 |q(e−iξ )|2 + | sin(ξ/2)|4β1 |q(−e−iξ )|2
[| cos(ξ/2)|2β2 |q(e−iξ )|2 + | sin(ξ/2)|2β2 |q(−e−iξ )|2]2β3 .
Therefore, we must have d(ξ) 6= 0 for all ξ ∈ R. This shows that (i) of Lemma 2.3 holds.
For (ii), it follows from the proof of Theorem 3.1 that ρ(aˆ) < 1. Since ˆ˜a(ξ) = |bˆ(ξ + pi)/d(ξ)|, we have
|ˆ˜a(ξ)| = 2−2β1 |1+ e−iξ |2β1 |q(e
−iξ )|[| cos(ξ/2)|2β2 |q(e−iξ )|2 + | sin(ξ/2)|2β2 |q(−e−iξ )|2]β3
| cos(ξ/2)|4β1 |q(e−iξ )|2 + | sin(ξ/2)|4β1 |q(−e−iξ )|2
≤ C ′2−2β1 |1+ e−iξ |2β1 ∀ ξ ∈ R,
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where C ′ := U1+2β3
L2
max(1,2(1−β2)β3 )
min(1,21−2β1 ) . This leads to
ρ( ˆ˜a) ≤ ρ0( ˆ˜a,∞) ≤ ρ0(2−2β1C ′,∞) = 21−4β1C ′2 < 1.
Hence, by Lemma 2.3, we conclude that ψ generates a Riesz wavelet basis in L2(R). 
Remark 3.3. We remark that Example 2.4 and Theorem 3.3 in [8] are special cases of Theorems 3.1 and 3.2 respectively.
Finally, we give an example to show our main results.
Example 3.1. Let aˆ be the mask given by:
|aˆ(ξ)| := 2
−4|1+ e−iξ |4|1+ 0.05e−iξ |[| cos(ξ/2)|2|1+ 0.05e−iξ |2 + | sin(ξ/2)|2|1− 0.05e−iξ |2]1/2 .
By direct computation, we have that 0.95 ≤ |1+ 0.05e−iξ | ≤ 1.05. It follows that
C221−4β1 = 0.0095 < 1 and C ′221−4β1 = 0.7462 < 1.
Therefore, by Theorem 3.2, the wavelet ψ defined by (2.1) generates a wavelet Riesz basis in L2(R).
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